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ABSTRACT 
m 

. This report describes the  developent and 

a 3-dlmensional manipulation and plotting progras. 

use of Grapbpak I, 

This pm@xxn w a s  

written for  a Pap-5 tligftal computer w i t h  a kc memory and a C A I C O ~  

dig i ta l  plotter, 

polints and straight Unes and then o b t a h  a prqec t i - i s  draving sf t he  

object i n  any desired orientation. In addition, certain kinds of U s -  

tortions and alterations can be made without having to redescribe the 

obgect; however, there is no provision f o r  removing hidden lines. 

It em31es t h e  mer to describe an object i n  tenas of 

& +. hC 
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In the last few years there have been extensive improvements i n  

the perfonname of d ig i ta l  canputem and the types of input-output equip- 

ment available. 

puter-aided systems of analysis and design. 

A great deal of work has been done in the area of com- 

The area of computer 
2 

graphics If ~ x - - k i P l l l n l - l . y  FQpllZT (?ce. "k&Cb@"lz& " S k t c h p d  III" > 

developed at the M.I.T. Lincoln Laboratories, are rather sophisticated 

examples of programs written i n  t h i s  area. 

user t o  comrmrnicate with the computer by means of a Ught pen and a 

series of control switches. 

display on a large scope. 

scale, distort ,  and mwe figures around. This report describes a 

limited version of "Sketchpad; called"GraphPa3r 1: written for  a PDP-5 

dig i ta l  computer with a kc memory capacity and a CALCOMP digi ta l  incre- 

=ental plotter. 

processing program fo r  th i s  computer and is expected t o  provide guide- 

l ines  f o r  the design of a more powerful program at a l a t e r  t i m e .  

These programs permit the 

The computer's output i s  in the form of a 

With these systems the user can draw, rotate, 

It is an i n i t i a l  attempt at develuping a graphical 

rXrring the writing of t h i s  graphical manipulation prograsn it 

w a s  decided to res t r ic t  the objects t o  be handled t o  those composed of 

points and straight l ine  segments. 

"hidden lines". 

the %ire-frSme" type. 

camputer by means of a typewriter. 

i n  a list of points and a list of the point pairs that form lines. 

No attempt was made t o  elimfnate 

As a result, all obdects are interpreted as being of 

The user of t h i s  program commuxu 'cates with the  

He describes the obdect by typ ing  

He 
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I .  

then specifies the angles of 

tance from the object to the 

rotat ion about two 

point at which the 

given axes and the dis- 

observation takes place. 

The computer w i l l  then calculate a true perspective view of the object 

and draw it using the plotter. 

of sting and distortion options are also available, 

p r ~ m  is quite fiexi’oie in i t s  applications, 

Scale, translation, and cer tah  kinds 

A s  a result, the 

. 
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Figure Axes: X, Y, 2 -~ 
Image Plane Axes: Yl, Z, 

Figure Coordinates: x, y, z 

Rotated Figure Coordinates : x', y', 2' 

Image Coordinates: yly 21 

Scaled Image Coordinates: yiy zi 

Final Image Coordinates: yf, zf 

d, = the absolute value of the distance from the eye pint 

t o  the origin of the  figure axes. 

dd = the  &solute value of the distance from the image 

plane t o  the origin of the figure axes. 

&p = the absolute value of the x-component of the distance 

from the eye point t o  any point on the rotated figure. 

Figure 1 provides a graphical interpretation of some of the 

preceeding terms. 
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B. Equations 

1, Representation of the  Object 

The objects t h i s  prograan w i l l  be required t o  han23.e &re of 

the "wire-fraate" type and are constructed only of points and straight 

line segments, The problem of representing objects is, therefore, re- 

t o  use 3x2 matrices t o  represent lines. Thus, the matrix: 

(6 pieces of data needed 
per line) 

could be used t o  represent a l ine  from the point (al, Q, as) t o  the 

point (bl, bz, b3). I n  order t o  This aaethod is rather inefficient, 

represent a tetrahedron (which has 6 lines) a t o t a l  of 6x6 = 36 data 
c 

pieces are needed. 

A mre efficienct method of representing the object would be 

in  terms of points and point pairs. Each point would be represented 

as a 3x3- matrix of the form: 

(3 pieces of data needed per [:I Point 1 
! a3' 
L -4 
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. The lines would then be represented as pairs of points: 1-3, 2-5, or  

4-1, desc r ibm w h a t  two points are connected by the line. 

the above tetrahedron could be represented using only 4x3 + 6x2 = 12 + 12124 

pieces of' data, 

point-pairs one, 

In t h i s  way 

The method used i n  t h i s  program is the points-plus- 

2, Eett3tim m * s t 3 t i o m  - 
The operation of rotating the figure i n  space i n  order t o  

obtain the corresponding rotated figure can be represented as a matrix 

equation of the form: 

where [A] is the 3x1 m a t r i x  of the  figure point, [R] is the 3x3 rotation 

matrix, and [A'] is the 3x1 matrix of the rotated figure point, 

general, the rotation matrix,  R w i l l  be of the form: 

In 

If the multiplication indicated by Equation (1) were carried out the 

following would be obtained: 

The evaluation of the r 

nlque is used. 

coefficients depends on w h a t  rotation tech- 
i j  

For th i s  program it w a s  decided t o  have two axes of 
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rotation, the z-axis and an axis that  would s t a r t  out in  l ine w i t h  x-axis 

but would be moved around by any z-axis matation. The angle of rotation 

counterclocfrvise about the z-axis will be called 8 and the  counterclock- 

wise rotation about moving axis originally corresponding t o  the x-axis 

will be called a. At a l l  times the e rotation w i l l  came first and then 

the 0 rotation. 

(see Figure 2) : 

Using this technique of rotation, Equation (3) becomes 

xt  = cos0 x - COSQ sin0 y + sing sin4 z 
y' = sin0 x +  COS^ COSQ y - s i n g   COS^ Z 
z' i= 0.x + sin@ y + cosb z 

The rotation m a t r i x  is therefore: 

(4) 

3. Projection 

The operation of obtaining the image of the rotated figure 

can be represented as a matrix equation of the fom: 

where [AI] is the 3x l  matrix of the image point and [P] is the 3x3 pro- 

Section matrix. For the method of approach used in t h i s  program the [PJ 

w i l l  be of the form: 

4 
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where p is t he  projection factor. 

x-component of t h e  rotated point and is computed as follows (refer t o  

The value of p is  a M e t i o n  of the 

m= 3):  

Yl = PY' 

Referring t o  Figure 3, triangle EBF and EIP are similar triangles and 

thus : 

Multiplying numerator and denaninator by l/G ( d s ) :  

Eccept for a change of scale, the p factor w i l l  remain unchanged if it 

is multiplied by a positive constant, K: 

The calculations can be simplified by always having Q = de. 

would also help t o  control the size of the imges, which have a tendency 

of becoming extremely large as t h e  eye point approaches the rotated 

This 



. 

figure. 

K 
4 - &'/de P =  

This is the basic equation used in the projection section of this pro- 

gram. Because the program uses a fractional n W e r  riiviae subroutine, 

il w a s  ad@sbed so that the diyfssr =s i ld  alvays be h s e r  t- %he Si,- 

de&, (K was set = to 

4. S c a a  

1/16 = 

The operadon of 

represented by: 

r 

-0625). 

-rg;ing or reducing the image can be 

(13) 

where! [Ai] is the 3x1 matrix of the scaled image point and [SI is the 

3x3 scalar matrix: 

0 0 0  
[SI = 0 s 0 1 -  0 0 s  

5.  Overall Graphical Manipulation 

B e  o v e r a ~  process3 of rotating, pmdecting, ana scaling 

can be represented as follows: 
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It w a s  decided t o  perform translation i n  t h i s  program by 

translating the origin of t h e  image axes on the image plane. 

result, the translation w a s  made entfrely independent of the points. 

One disadvarrtage of this 1s t ha t  if any part of the image is translated 

the errtire image w i l l .  also be translated, 

As a 
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111. INsTafcTIONS ON THE USE OF GRAPHPAK I 

The program was writtenforrtPDP-5 digi ta l  computer w i t h  a 4K 

memory capacity and a CAWOM? digital increzaental plotter. 

is self-contained and occupies registers 0160 t o  4600, inclusive, plus 

5l62 t o  5170, 5303 to 5335, and 5341 t o  5364. 

The program 

A. Haw t o  U s e  -ram 

After the binary tape is read in, place the teletype on LINE, 

s e t  the switch register t o  0513, then push UAD ADDRESS and then STAKP. 

""?" w i l l  then be typed out. Whenever this is typed, the user will 

know that the program is  i n  the central control section and is waiting 

for a character t o  be typed in. 

sections. 

typing the appropriate character code. When t h e  operation being per- 

formed by a subsection is completed, control is returned t o  the central 

The program is divided into eight sub- 

Each of theee can be entered only from the  central. control by 

control. 

Section Name 

Points 

Lines 

Rotation 

Projection 

Code 

P 

- 

L 

R 

E 

comments 

Type i n  number of points and then x, y, z 
coordinates of the points as signed deci- 
mal fractions, 

Q-pe in number of l ines  and then lines as 
point pairs i n  decimal. 

Type in z-axis angle and then the moving 
x-axis angle i n  signed decimal tenths of 
degrees (without decl.mil point) i n  the 
range: -n = -1800 to 1800 = TI. 

Type i n  eye-point distance as a positive, 
decimal, mixed number between 2.0 and 
63.9999. 
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Section Name Code Comments 

Scale S !Zype in scale factor as a positive, deci- 
mal, mixed number. 

Translations T Type i n  y and z translation as signed 
decimal fractions. 

Draw D Plotter w i l l  d r a w  view. 

Correction C !L!Jrpe P t o  correct points, L t o  correct 

rotated points. 
lines, M t o  replace original points with 

B. Numbers 

Every nunber can be terminated by typing a space. If a mistake 

is made and the number has not yet been terminated, type the WJBOUT key 

and then the desired nuniber. 

The fractional nuniber subroutine autamaticslly types the deci- 

mal point. If a negative &r is desired, the minus sign must be 

typed after the decimal point. 

The mixed nunibers are composed of an integer part and a frac- 

t ional  part and both parts must by typed. Any non-numeric character 

(except RJXXJT) w i l l  terminate the integer part, However, t o  avoid 

MODE key t o  terminate the integer part, 

Although f r ac t iona l  &rs can have any number of digits, only 

the left-most 3$ digits are significant, 

Integer numbers are interpreted modulo 4096, ?Inus both 1 and 

4097 w i l l  be interpreted as 1, 

The decimal points for t he  angles are not typed. Thus if an 

angle of -TI radians (.180.0 degrees) is desired, one would type -1800. 
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Do not use + t o  indicate positive mmibers. Except fo r  - and 

RJBCXJT, every non-numeric character is interpreted as a terminat- 

character. 

c. Points - 
signed, fractional nunibers, 

entered, the program automatically returns t o  the central. control, 

When the correct number of points have been 

D. Lines - 
Lines are described by t y p w  the nunhers of the two points 

that form the line. If, for example, 1 3 or  3 1 are  typed, the computer 

records that  a line joining the first and th i rd  points of the points list 

is t o  be drawn. 

control is automatically returned t o  the central control. 

When the correct number of l ines have been entered, 

E. Projection 

The user types i n  t h e  distance from the eye t o  the origin of 

the original figure axes as a positive, mixed nuniber. A drawing tha t  

is  close t o  being an isometric one can be obtained by typing 63.9999, the 

largest eye point distance permitted. 

F. Translation 

The signed fractional nuuibers typed i n  t h i s  section correspond 

t o  f rac t ions  of 5.12 inches. 

about 1.02 inches i n  the negative y direction. 

Thus, y = -.2 w i l l  result i n  a movement of 

Translation involves 



only a movement of the plotter’s pen. 

altered. 

The Values of the points are not 

G. Correction 

In correcting both points and lines, the user first types the 

number of the point o r  l ine  wi th  which the correcting is t o  begin, 

e~rieeteti i  Wttr is en%ered as berore, 

rected l ine  o r  point, the program waits for an additional character, 

an F is now typed, control w i l l  be returned t o  the central control. 

any other character is typed the program w i l l  w a i t  f o r  corrections i n  the 

next point o r  line. 

or  lines, 

The 

However, a t  the end of each cor- 

If 

If 

The correction section can thus be used t o  add points 

In the move (M) part of the correction section, the user types 

the numbers of the start ing and teI-minating points whose rotated COIP- 

ponents are t o  replace those of‘ the original figure. 

Example : 

I a x c ? c  

CORRDZ’P? L 

# 9  
9 10 F 

NMT? c 

CO€mEXx!? P 

# 6  

-0 .3 02 

.1 .3 .5 F 
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I '  

lkample (continued) : 

NMT? c 

CORRECT? M 

# s m  
# 8  

rn (program waiting in  central control) 

H, The Order of Entering Sections 

Normally, one would follow this sequence: Points, Lines, 

Rotation, Prodection, Scaling, Translation, and Drawing. However, the 

lines can be described at any time before the drawing is made. 

lat ion can be performed a t  any time, 

Trans- 

Projection must follow rotation 

and scaling must follow projection. As a result, different views of the 

object can be obtained without having t o  retype the points or lines, but 

by simply returning t o  the desired section (Rotation, Projection, Scaling, 

etc.). 

I, Taped Descriptions 

If an object is t o  be used over and over again, a tape can be 

punched out containing the points and lines data. 

be read i n  wheneverthe object is t o  be studied. 

map for  locations of point and line data: 

This tape can then 

(See attached memory 

Figure 8-2) 

J. Errors 

The program is able t o  recognize certain kinds of errors, When 

such an error is encountered "ER" is typed. 



Section 

Central Control 

Btat ion 

Projection 

Scale 

Cause of Error 

A character other than PJL,R7E9S,TaD, or C 
was typed. 

Angle outside -1800 to 1800 range. 

we point distant outside 2.0 to 63.9999 
m e  

"OV" is typed if multiplytng by the scale 
factor caused a component of a point to 
overflow, The octal number of the first 
such point is also typed. 

A character other than P, L, or M was typed, 

Suppose one wanted to study the rectangular solid shown in 

Figure b. The procedure would  be as follows: 
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3 7  
8 4  
ESMT? R 
A3GLFa 

m m  
"?E 
EYEm 
63.6 
NExr? s 

2 4  

fJ 

ps 

I Y M T ? D  
DRAW 
EM> 
N M T ? T  
TRANS 

NMT?E 
EyEm 

NMT?s 
SCAIE 

H E x T T D  
DRAW 
ElrsD 
N E X P l R  
m m  
mLE 

NEXT?E 
EPEm 

m s  
SCALE 

llEX!P?D 
DRAW 
m 
E ~ E ~ L T ?  

Y=.3 z=.$ 

2-1) 

3.d 

45a 

3M 

63.6 

3 4  

(Computer waiting in control section.) 
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The uses t o  which GraphPak I can be put are reaUy best left 

There are certain features and limi- t o  the imagination of the User. 

tations thst w o u l d  certainly determine t o  some extent the possible 

applications, but most of these have alread,v been mentioned i n  t h e  sec- 

t ion  of this repor t  dealing with instructions on the use of the program. 

!L%e purpose of this section is t o  provide examples of drawings made with 

GraphPak I and t o  mention some of the not too obvious w a y s  of using it. 

The program can be used 86 an "on line" designing aid. That 

is, a basic object can be described and studied in any orientation and 

perspective in  space. Additional points and l ines  can be added o r  ex- 

isting polnts and llnes changed and the effects of such changes can be 

immediately studied. 

can be used t o  produce a "blueprint" by drawing the top, front and side 

of the object using isometric projections. 

When the desired design is achieved the program 

Because certain kinds of distortions are available, topics in 

topology involving the deformation of shapes can also be studied. For 

example, one can demonstrste howa square can be deformed first into a 

rectangle, then a pyramid, and then a tetrahedron. One could also show 

that a torus (datghrmt) can not be deformed into a square. 

I n  general,problems involving geometry, topology, or  carto- 

grapm are particularly good ones t o  study with GraphPak I. A set  of 

typical graphical studies i s  i l lustrated i n  the Figures 6 through 10. 
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There are many features that would be desirable additions t o  

G W H P A K  I. For example, if an inversion section w e r e  added, t h e  pro- 

g ~ g m  could be used t o  study al l  types of bil inear transformations. As 

the objects becune mre complex the removal of the "hidden lines'' 

beccmes more and more importarrt, 

have a section that removes "hidden lines". 

add a section that produces stereoscopic drawings of objects. 

fulness of the program as a design aid would be considembly extended if 

a section that ena'bled one t o  translate single points or groups of points 

were added. 

functional transformations. Tfie addition of a section enabling the user 

t o  impose constraints upon the  length of lines, the postition of points, 

o r  the angles between lines would also be an extremely useful addition, 

It is also possible t o  rewrite the program so that  it can be controlled 

by another program. In t h i s  way one could, f o r  example, automatically 

obtain drawings corresponding t o  w h a t  one would see as he moved over a 

terrain in an airplane. 

than others. 

w i l l  also influence aqy decisions t o  expand GRAHWAK I, 

%si it. wefid be -.'-̂1."j 2e6iziitLe io 

It m i g h t  be desirable t o  

The use- 

Another possible addition is the abUity t o  work with any 

Some of these possibil i t ies are more desirable 

The problem of the limited memory capacity of the computer 



This report describes the development and use of GRAPBPAK I, a 

three-dimensional manipuLation and plotting program. 

is the first attempt at writing such a program it has several l3mLtations. 

One of the =St; important of these is the inability to  remove "hidden 

Unes". 

the a d a t i o n  of inversion, "hidden lines" removal, and translation of 

sets of points sections, the program could become a powerful. research 

and design tool. 

I n  as much as it 

It is still, h ~ e ~ e r ,  a z % b e r  flsi"vie paphical tool, With 
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APPENDIX A: Flow Charts 

"#"Type  Number 
Of P t s ,  

R O T A T  

Type In ,? Axis 
Rototion. ANGLE" 

T R A N S L A T t  
I' T R A N S "  

It I1 II II Y = .  z = .  
Type  I n  ( Y . 2 )  

T r a ns I a t i o n  

Type In Eye Pt. Type I n  Scale 1 0 istance 1 [ Factor 1 
F I G .  A - /  

G E N E R A L  F L O W  D I A G R A M  
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0200 
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1000 

I 200 
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-------------------- 
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0100 -0166 
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0200 - 0262 
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0400- 0512 

0513 - 0577 
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1200- 1334 

2000 

2200 

2400 I 1 
a 
I 

f / G. A - 2  
M E M O R Y  M A P  

1 
1 

2000- 2176 

2200 - 2375 



2400 

2600 

2400 - 2561 

2600 - 2646 

2647 - 2777 

3300 - 3477 

3500 - 3577 

D A T A  S T O R A G E  O F  

P R O J E C T E D  O R  I M A G E  P O I N T S  

3600 

4000 

4200 

4400 

4600 

3600 - 4 1 5 1 

4200 - 4250 
4251 - 4275 

4300 - 4577 

4640- 6177 

8 1 
I 
I : 

F l  G .  A - 2  
M E M O R Y  M A P  CONT. 
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1 

I t) 

t VCONTINUE 

SEARCH 

CHARACTER CHARACTERS BEEN 

YES 

Gomm 
C O R R E S F O ~ ~ G  

CHARACTER 
SECTION 

I 

*4m@ Comm 

ME PT. + 
PROJECTION 

*2400@ 

*2200@ ROTATION 

* 2 l l 4  L LINES 0 
*.om@ POINTS 

C 
F / G .  A - 3  

E N T R A L  C O N T R O L  
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p 
\ m - I N S U B .  f 

(*) POUYT DEPOSIT 

AND TlpypE 
ARF: AVAILABLF: 

LIBRAFE SUBROUlTNES 

FJ "POIIYTS " 

t 
I N I T I A L I Z E  

COUNTERS AND 
POINT LOCATION 

ADDRFSS 

.. 
OUT A CARRIpGE 

RFTURNANDLINE- 
c 

JMS FONT 
x-COMPONENT 

JIG FONT ( Y-COMPONENT 

I .) 

+ 
ASUB 

Q 
DEPOSIT PT. 

1 N C F E " T  PT. 
LOCATION 

A SPACE c;-l RETURN 

I YES ALLPTS. READIN.  
RETURN TO CONTROL 
SEC!EON. 

F I G .  A - 4  
P O I N T S  S E C T I O N  



35 

Q 

. 

\ €N SUB. 
I 

I J l E  IOCATION 
ADDRESS 

t 
ENTER END PT. 

ALL I3IQES BEEN 
EIJTERED? 

( \ 
\ ) 8 

t 
RETURN 

DTYPE: IS AVAILM3I;E A S  
A UBRAW SUB. 

ASUB: SHOWN I N  FIG. A-4 

ALL LINES m II?. 
RETURN TO CONTROL SECTION 

F / G .  A - 5  
L I N E S  S E C T I O N  



36 

ARE AVAILABLE 
As LIBRAIpl SUB. 

SECT. 0 
f 

FTYPE, INIT, ANDEIIc)VE f 
\ / JMSETYPE 

E3TlXR Z 

TO 
CONTROL SECTION 

F I G .  A - 6  

T R A N S L A T I O N  SECTION 



37 

(F) FIRST F". 

DEPOSIT PT. 
IN LIE3 DA!t'A 

(F) SECOETD IT. 

DEPOSIT PT. 
I 3  LINE DATA 

"CORIIECT?" 

CEIARACJZR 

CGRRECT 
LINES 

"ER" 
(ILLEGAL CHAR. ) L-r' 

FEI'URi TO 
CONTROL SECTION 

1 
1) 

m/ ( . )  OF PT. M 

x -COMPONENT m 
DFTSIT  COMP. w (7) Y- COMPONENT 

DEPOSIT COMP. a (7) 2- COMPONENT 

F / G I  A - 7  

C O R R E C T I O N  S E C T I O N  



38 

Q 
I . -a 

"ER" 0 
IiETuRmTO 

CONTROL SECTION 

ENTER # OF 
FIRSTPT. TO 

IOCATION 
ADDRESSES 

Q 

EmTER # OF 
LASTPT. To 

I 

I REPLACE 1 
t 

RETURN TO h CONTROL SECTION 

ORIGINAL PT. 
WITH COmNENTs 
OF CORRESPONDING 

mwTED PT. 

7 I 

MOFE PIIS. TO BE 

IiEm TO 
CONTROL SECTION 

F / G .  A - 7  
CORRECTION S E C T I O N  C O N T .  



39 

TYPE I N  A N G m  'p 
AND COMPUm 

COUNTERS FOR 
IEOTATION OF 

POINTS 

EiETURN To 
COM!FFOL SECTION 

F 1 G .  A - 8  

TYPE "ER" 
ANGLE TOO 

RET" TO 
CONTFFJL SECTIOM 

6 
I 

MATRM m. 

MYPE, SIN, cos ana MMUT, 
ARl3 AVAILCLBIE AS 

LImAm SUB. 

R O T A T I O N  S E C T I O N  



P 
FACTOR: P 

1/16 

I P =  * -  * g  
de + 

R E m  

FACTOR + 
RE- 

+ "EYE Fr" 

CONTROL SECTION i 
RlTruRNTo 

CONTROL SECTION W I ' E I N  RANGE 

s c m  
I F I E E E R  

PART 

t 
COMBINE 

IIYTEGER AND 
FRACTIONAL 

PAFiTS 

- 
INITUJXZF: 

COUNTERS 
D R  PROJECTION 

OPERATIONS 

I 

F I G .  A - 9  
P R O  J ECTl  O N  SECT1 O N  



41 

, -  

I .  

4 
TYPE "OV" FOR 

OVHCFIMJAND 
ANDTPPETBE 

OCTAL VAUlE 
OF lRE# OF 
THE FT. THAT 

CAUSED 
OVERFLOW 

t 
l3amxnE 

OVERFIORS 
SIGN TEST FOR 4 

1 

t 

+ 
MULT. PROJECTED 
FT. c m m  

BY SCAIE FACMR 

i 

F / G I  A - I O  
S C A L E  S E C T I O N  



4.2 

l -  

(_> DRAW LINE 

MOVE, DRAW, PWT ARE: 
AVAILABU AS L I B M  

smmuTms 

"DRAW" P 
commfts 

AND I13CATION 
ADDFESSES 

(F) DRAW LINE BETWEEN 

f (Z) TO OFUGIN 

"END" P 
-CONTROL SECTION 

F / G .  A - 1 1  
D R A W  S E C T I O N  


